Introduction
The heat kernel plays a significant role in classical harmonic analysis since it encapsulates the most important analytic information. It is consequently crucial in the study of analytic properties of Lie groups to have efficient estimates on the semigroup kernels associated with elliptic or subelliptic operators. There are three distinct characteristics of these estimates, the Gaussian decay on the group, the short time singularity and the long time decay. The first two features are of a universal nature and are well understood (see, for example, [Rob] , Chapter III, or [EIR6] ) but the asymptotic behaviour with time is a more specific feature. If the group volume grows polynomially the asymptotic decrease of the heat kernel is expected to be dictated by the available volume. In this paper we demonstrate that this expectation is realized for the heat kernels of pure m-th order complex subelliptic operators on a general connected nilpotent group. Our estimates, which are valid for the kernel and all its derivatives, then allow us to analyze various aspects which are sensitive to global growth. In particular we are able to define and analyze the Riesz transforms of all orders.
Let G be a connected nilpotent Lie group with (bi-invariant) Haar measure dg and Lie algebra g. The exponential map is surjective by [Val'] , Theorem 3.6.1. One can associate a subelliptic distance (g, h) f-+ d '(g; h) with each fixed algebraic basis al, .. " ad' of g. This distance has the characterization Igh-ll' < p} is independent of g. Set V(p) = IB '(g;p) l. Next, for all i E {I, ... ,d'} let Ai = dL( ai) and B i = dR( ai) denote the generator of left L, and right R, translations acting on the classical function spaces in the direction ai, respectively. Multiple derivatives are denoted with multi-index notation, e.g., if 0: = (i l , ... , in) with i j E {I, ... , d'} then AQ' = Ail'.' A in and lal = n. (In general we adopt the notation of [Rob] .)
We consider right-invariant subelliptic operators of all orders. Since the notion of subellipticity for operators of order greater than two is slightly indirect we initially summarize our main results for the second-order case. The general case is covered in the body of the paper. Consider the homogeneous second-order operators 
for some It > 0 and all eE Cd'. Then H is closed on L z (G ; dg) and generates a holomorphic contraction semigroup S with a GOO-kernel ]{ with Gaussian decay (see [EIR4] ). In particular S extends to a continuous semigroup, which we also denote by S, on each of the Lp-spaces, Lp(G; dg) , or on related Banach spaces such as Gb (G) .
The first result of this paper is the following set of optimal kernel bounds. Theorem 1.1 There exists a b > 0 and for all multi-indices Q, j3 an a ex ,(3 > 0 such that for all t > 0 and all 9 E G.
Although we have only stated this result for second-order operators an analogous statement is derived in Section 3 for homogeneous operators of higher order. Moreover, the kernel bounds for real t readily extend to complex t, in a suitable sector, by rotation. There is a eE (0, 7r /2) such that e i 4> H is a subelliptic operator of the type under consideration for all ¢Y E (0, e). Then the holomorphy sector of the semigroup S automatically contains the sector A(e) = {z E C\{O} : largzl < e} and the kernel bounds extend to z 1--+ /{z for z E A(¢Y), with t replaced by Izl, for all ¢Y < e.
Various special cases of this theorem are already known. If the coefficients Cij of Hare real-valued and the matrix C = (Cij) is symmetric then bounds of the type stated in the theorem are known for /{t and its left derivatives A;I<t for all groups of polynomial growth [Sal] (see also [Rob] , Corollary IV.4.19). In addition, in the real case, one can obtain good estimates on the exponent b of the Gaussian. But the techniques used to obtain the large time estimates do not extend to complex coefficients, or to more general derivatives of the kernel. Alternatively, if the group is stratified, and the operator H is homogeneous with respect to the dilations on the group, then bounds analogous to those of the theorem, but slightly weaker, have been given in [EIR3] . The derivation of these bounds relies heavily on the dilation properties of the group. The current results are much stronger as they are valid for all connected nilpotent Lie groups and no dilation structure is necessary. They are derived by transference from a related homogeneous group G with d' generators and the same rank as G. This group is defined in Section 2 together with a version of the transference result of [CoW2] adapted to the current situation.
The transference procedure which we use differs conceptually from the method developed in [CoW2] . The latter reference examines two different representations of a fixed group and transfers estimates on integral operators from one representation to the other. In our analysis we examine two different groups but one fixed representation, the left regular representation, and transfer estimates from one group to the other. More significantly the standard transference procedures are restricted to Lp-estimates but we develop a technique to transfer pointwise estimates.
The transfer of Lp-estimates is, however, relevant to the discussion of Riesz transforms. The natural Lie group analogues of the classical Riesz transforms are the operators R OI = AexH-l ex l/2 but it is initially unclear whether these operators have a useful domain of definition on the Lp-spaces. The transforms are products of unbounded operators and viewed as integral operators they are highly singular. These problems are discussed in detail in Section 4 where we prove a precise version of the following statement. Theorem 1.2 The Riesz transforms Rex extend to bounded operators on each of the spaces Lp(G;dg) ) P E (1,00).
In fact we bound the norms of the Riesz transforms by multiples of the norms of the analogous transforms on the auxiliary homogeneous group. In addition we deduce that the Rex are of weak type (1,1). [Sal] ). But the properties of the higher-order transforms are less well understood. If the group is stratified then these transforms are bounded [Fol] , or if the group is compact [BER] Finally the kernel estimates can be applied in various ways. We discuss applications to Lipschitz spaces and holomorphic functional calculus in Section 5. Moreover, for secondorder operators with real coefficients we apply our techniques to the derivation of Gaussian lower bounds and Harnack inequalities valid for all t > O.
Free groups and transference
In this section we examine convolution operators acting on the Lp-spaces over the connected nilpotent Lie group G formed with respect to the Haar measure dg. We estimate bounds on these operators by transference from a homogeneous group Gconstructed from G and an algebraic basis all' .. ,ad' of the Lie algebra 9 of G.
Let r be the rank of the nilpotent Lie algebra g. 
Let q be the dual exponent to p. Then for all ;} E Li, lp E L p and 7 E L q one has 
Heat kernels of sub coercive operators
In the introduction we discussed second-order subelliptic operators but our results are valid for subelliptic operators of all orders. We begin this section by describing the notion of subcoercivity, or subellipticity, for the higher order situation.
Let m be an even positive integer and for every multi-index Q' with lad = m let C a E C. Proof Consider the case lal = 0 = 1/31. Introduce cj; by setting cj;(g) = cp (g-l) . Then because Jr is a homomorphism. But since Jr(e) = e. Combining these equations gives the required identities for lal = 0 = 1/31·
The general case follows similarly.
0
The identification K t = Jr* (K t ) is the key to obtaining good Gaussian bounds on the kernel K t by transference. But first one needs optimal bounds on the kernel K t . These can be obtained by exploiting the scaling properties of the group G and the homogeneity
The group G is homogeneous with respect to a semigroup of dilations (/'u)u>o, These dilations are initially defined as the Lie algebra isomorphism on 9 satisfying /,u(ai) = U ai. The dilations of 9 then induce dilations of G via the exponential map. It follows automaticall~that l1u(g) I' = u Igl' for all g E Gwhere I . I' now denotes the subelliptic distance on G associated with the generators al,"" ad" Moreover, there is an integer D, called the homogeneous dimension of Gwith respect to the basis at, ... ,ad', such that
for all p E (0, (0). Since the sub coercive operator H is a pure m-th order operator it follows that one has the scaling property
These relations allow one to deduce large t, or small t, bounds on the kernel K and its derivatives from bounds at t = 1.
The utility of the scaling relations in combination with the kernel identification of Lemma 3.2 is illustrated by the following pair of estimates. First one has (3) where the last identification uses the scaling property of G. These bounds are uniform for p E [1,00] and t > O. Since the operator H has complex coefficients this simple proof of uniformity is somewhat surprising. (Note that IIKtlli 2:: 1 with equality if, and only if, K is positive or, equivalently, H is a second-order operator and the coefficients of H are real.
The first equivalence follows because Btl = 1 and hence JK t = 1. The second equivalence is established in [Rob] , Section 111.5.) Secondly, one has the holomorphy estimates
where a denotes the partial derivative with respect to t. 
hEG for suitable aCY.,f3 > 0 by Lemmas 3.3 and 3.2 since 111"(g)I'~Igl'. Moreover,
Next we estimate by a detour through second-order operators. Again let Kf and Kf denote the semigroup kernels associated with the Laplacians 6. = -L,t~l AT and 6 = -L,t~l Af, respectively. These kernels satisfy upper and lower Gaussian bounds with the correct asymptotic behaviour by Lemma 3.4. Then one has for suitable a, W > 0 and all s > 0 and 9 E 0 by Lemma 3.4 applied to 0 and .6.. Therefore
by Lemma 3.2 and application of Lemma 3.4 to the kernels I<f.
Next consider the decomposition where D n = {g E G: n :::=; (lgl,)mt- If lal > 1, or if H is of order m > 2, or if H fails to be self-adjoint, then similar simple observations no longer yield boundedness of the Riesz transforms on L z • Therefore it is difficult to apply directly the techniques of singular integration. Nevertheless, one can make an indirect application of these techniques combined with regularization, following [BER] , and then gain extra uniformity by transference arguments. This is the approach we take.
Let H again denote a homogeneous sub coercive operator of order m acting on the Lp-spaces. Then H-N/m is defined on the range of HN/m and although it is not evident that this subspace is dense it does follow from the uniform boundedness (3) (1, (0) , and, moreover, the Rcx;v have bounded closures for sufficiently large values of v by Theorem 2.3 of [BER] . These results hold for a general Lie group. If, however, the group is homogeneous the norms are independent of v, by scaling, and one could hope to transfer the bounds of the transforms on the homogeneous group to the transforms on the nilpotent group G by Theorem 2.1. But this is again not straightforward since the kernels of the R cxw are not integrable. So by density, (7) ( 8) for all cp E L p and ' ljJ E L q both with compact, but disjoint, support. Moreover, the bounds of Theorem 3.5 now lead to estimates (9) if G is not compact, with a and b independent of v and g. The exponential factor ensures integrability of the kernel at infinity but the integral of the kernel is still logarithmically divergent at the identity. Therefore the transference theorem, Theorem 2.1, is not directly applicable to the R cxw ' In order to circumvent this difficulty we again follow the ideas of [BER] and consider the regularized transforms with c > a and n a positive integer. The kernels kcxw,e of these operators are less singular since the extra (I +cHt n introduces a factor (lgl,)nm. Therefore if n is sufficiently large the kernels are integrable although the norms Ilkcx;v,elh diverge as v 1 a or c 1 O. (For detailed estimates see [BER] , Lemma 2.4.) But using these regularizations and singular integration theory it is established in [BER] that IIACX(vI +H)-Icxl/mll p _ p < 00 for all p E (1, (0), all large v > 0 and all multi-indices a. These estimates are the starting point for our analysis of the Riesz transforms. We begin by applying them to the homogeneous group G. [Rob] if "Y E (0,1). The general result then follows by combination of these special cases.
In particular, setting ai = (i, ... ,i) Moreover, the foregoing estimates then establish that the Riesz transforms R OI are norm-densely defined and have bounded closures except in the special case of the tori. Alternatively if G is compact one can replace the space L p by the closed subspace of functions with mean value zero, i.e., one considers the space L p modulo the constant functions. Then left translations act on this subspace and the Riesz transforms are defined and bounded. Moreover, on L p , however, define R OI = 0 on the constant functions and with this convention the Riesz transforms are again bounded. In the sequel we assume that one or other of these modifications has been made in the compact case. One deduces from [BER] that the regularized operators Rex;v,e are weak type (1,1) but it appears difficult to conclude by limiting arguments that this property extends to the Rex. Nevertheless since we now know that the Rex are bounded on L 2 we are in a position to deduce the weak type (1, 1) property by the standard arguments of singular integration theory.
Proposition 4.7 The Riesz transforms Rex extend to operators of weak type (1, 1).
Proof We will verify the assumptions of Theorem 3 in Chapter I of [Ste] for the operators Rex. Then the proposition is a corollary. Note that although the discussion of Chapter I of [Ste] Therefore one deduces from the Lebesgue dominated convergence theorem that for <.p, ' ljJ with disjoint support and with k ex defined by (5). Thus Rex is determined by the singular kernel k ex in this weak sense. But this weak relation between the operator and the singula,r kernel, together with the bounds (6), is sufficient Rex to be of weak type (1,1).
(see [Ste] , Section 1.5, for a discussion of this point in the case G = Rn).
Finally, if G is compact, let P<.p = fa dg L(g)'P denote the projection of <. p on the space of constant functions. Then on the subspace (I -P)L 1 of L 1 the restriction H r of the operator H has a bounded inverse as a direct consequence of spectral properties (see [Rob] [Ste] , Section 1.5). Therefore is an operator of weak type (1, 1).
Concluding remarks o
The heat kernel bounds of Section 3 and the bounds on the Riesz transforms of Section 4 can be used to investigate various other aspects of the analytic structure of the nilpotent Lie group G. For example, one can extend the analysis of subelliptic Lipschitz spaces given in [EIRl] (see also [Rob] , Chapter II) in a manner which takes into account both the local smoothness and the asymptotic decay. Secondly, we briefly discuss a holomorphic functional calculus and finally for second-order operators with real coefficients we consider lower bounds for large t and Harnack inequalities.
Lipschitz spaces
It was established in Corollary 4.3 that the seminorms <p I---t maxlal=n IIAa<pllp and <p I---t IIHn/m<pllp are equivalent on the L;;n-spaces with p E (1,00). But these seminorms are in fact norms unless G is compact, i.e., unless G = T dl , and in this latter case they are norms on the subspace of functions with mean value zero. In the following we assume that G is not compact, although the results are also valid for compact G if one reads seminorms instead of norms. Note, however, the spaces L;;n equipped with either of these norms is not a Banach space. Now one can develop a theory of intermediate spaces for the en-subspaces L~;n equipped with these norms (see, for example, [BeL] . pi,/m,q , II II
are equivalent. It then follows by standard reasoning that all these spaces are independent of the choice of n, within the range n > /. 
Bounded holomorphic functional calculus

Real second-order operators
The kernel K of an m-th order operator with complex coefficients is positive if, and only if, m = 2 and all coefficients are real (see [Rob] Section 111.5). In that case one has Gaussian lower bounds Proof It follows from Lemma 3.4 that there exist a, w > 0 such that for all 9 E G, where K A is again the kernel with respect to the sublaplacian. Then by scaling, Kt(g)~a K~(g) for all t > 0 and 9 E G. 
